Abstract. In this short paper we determine the effects of structure on the cosmological consistency relation which is valid in a perfect Friedmann Universe. We show that within ΛCDM the consistency relation is violated by about 1% for redshifts z 2 and this violation raises up to about 2% at z 5 ÷ 10 after which it saturates. This effect of cosmic structure on the distance redshift relation also very sensitively perturbs the determination of the dark energy equation of state via cosmic distances. It actually leads to a quite unphysical behavior of this w(z) which even diverges at z ∼ 3 and which we also discuss here.
Introduction and motivation
In a perfectly homogeneous and isotropic Universe, the area distance and the Hubble parameter satisfy a so called consistency relation [1, 2] which is satisfied independently of the matter content of the Universe or of its spatial curvature. However, the observed Universe is not perfectly homogeneous and isotropic but contains galaxies, clusters, filaments and voids. The presence of these cosmic structures is expected to modify the consistency relation. In this paper we want to study the extent of this modification and its character. In a futuristic high precision test of the consistency relation, the presence of structure might even represent an additional test of ΛCDM and the relatively late formation of structure in this model.
The curvature parameter in a Friedmann model is defined as
where k is the (dimensionless) spatial curvature, H 0 is the present Hubble parameter and a 0 is the present scale factor. The spatial metric can be given as a 2 (t)γ ij dx i dx i = a 2 (t) dχ 2 + S Note that in this form χ is dimensionless while a(t) has the dimension of a length. Also, having set K = ±1, 0, except in the case K = 0, we can no longer set a 0 = 1 since a 0 is the present curvature radius. In a perfect Friedman universe the area distance is given by
This formula is correct also for negative curvature, where Ω k > 0 since in this case both, the enumerator and the denominator of the above fraction are imaginary. In the case Ω k = 0 it has to be interpreted as a limit.
Introducing the comoving distance
The prime denotes a derivative wrt the redshift z. Hence in a perfect Friedman universe the rhs of Eq. (1.5) is independent of redshift, independent of the matter content of the Universe and equal to the present curvature parameter. In this paper we want to study what happens when taking into account fluctuations in the matter distribution. For this we assume that the quantity d A (z) is determined as an average over as many measurements as we wish and we replace this by the ensemble average. From first order perturbations we therefore expect no effect on the averaged d A (z). However, the angular diameter distance has been determined also to second order in perturbation theory [3] [4] [5] . At second order, the average does not vanish but gives a contribution of several percent to the distance which was determined in [6] . In this paper it was found that the perturbation to the distance at low redshift, z 0.1, is dominated by the Doppler term while at higher redshift, z 0.2, it is dominated by the lensing contribution. This is also in agreement with the first order results on the fluctuation of the area distance which were determined in Ref. [7] .
In this paper we concentrate on the lensing term which dominates the result for z > 0.2. Of course not only the distance but also the redshift is perturbed by inhomogeneities which introduce a Doppler and gravitational potential term and more [3, 5, 8] . However, these perturbations are always much smaller than the lensing term considered here. As they are proportional to the velocity or to the gravitational potential, they are suppressed by factors H/k and (H/k) 2 with respect to the lensing term which is proportional to the Laplacian of the gravitational potential. Here k denotes the wave number of the perturbation while H = aH is the conformal Hubble parameter. For this reason we neglect redshift perturbations and use the redshift of the background Friedmann Universe in this work.
The paper is structured as follows: In the next section we present the second order fluctuation of the area distance and compute its angular average as a function of redshift in a standard spatially flat ΛCDM Universe. In Section 3 we determine its effect on the consistency relation by calculating the right hands side of 1.5 which vanishes in the input background cosmology. We shall find that the resulting Ω k is not only non-zero but also redshift dependent. We also use the first and second derivatives of the distance to determine the equation of state of dark energy, w(z). The equation of state determined in this way is strongly affected by clustering for z 2. It not only becomes smaller than −1 but it even diverges at z 3 and becomes small but positive at higher redshifts. In Section 4 we summarize our results and conclude.
Notation: We use the perturbed Friedmann metric in longitudinal gauge,
The gravitational potentials Φ and Ψ are the Bardeen potential. In a ΛCDM cosmology we have Φ Ψ to very good accuracy. We denote the derivative by conformal time with a dot so that the Hubble parameter is given by
2 The effect of structure on cosmological distances
The area distance in a generic spacetime from an observer at spacetime position O to a source on her background lightcone at spacetime position S in direction n and at redshift z is given
where J is the Jacobi map, see e.g. [9] . The luminosity distance d L which is the one truly observed e.g. in Type IA supernovae is simply related to d A by the so called Etherington reciprocity relation [9] ,
In Ref. [6] it was shown that the largest contribution to the ensemble average of this distance at second order in cosmological perturbation theory is given by the lensing term,
where κ is the convergence in the first order Jacobi map. This result can be understood easiest by referring to the conservation of surface brightness by gravitational lensing. As surface brightness is proportional to d
−2
A this implies that this quantity has to be conserved order by order. Expanding d A to second order in perturbations,
Taking the ensemble average and using δ (1) = δ (2) = 0, this implies
For the last equal sign we used that the first order perturbation from lensing in the angular diameter distance is given by
The Jacobi map to first order in a perturbed Friedmann Universe is [10]
Here (a, b) are the two angular directions e ϑ and e ϕ and
is the mean of the two Bardeen potentials, the so called Weyl potential. The time variable t denotes conformal time. The convergence κ therefore is
Here ∇ 2 ⊥ denotes the Laplacian on the sphere, i.e. wrt (ϑ, ϕ).
Note that 1 + ∆(z) is not just the mean of the second order perturbation of the determinant of the Jacobi map J . The second order corrections to d A are much more complicated. The second order perturbations to d A are derived in [3, 4] and ∆(z) is the dominant contributions to d A at z 0.2. To determine the variance of κ we consider standard flat ΛCDM with cosmological parameters from Planck 2018 [11] . We compute the halofit power spectrum with class [12, 13] . From Eq. 2.9 in the case of vanishing curvature we obtain
For the last equation we have used Ψ W Ψ and
We have then employed the addition theorem of spherical harmonics and the Limber approximation [14, 15] to perform the integrals over k. P Ψ (k, t) is the dimensionless power spectrum defined by
The sum over actually diverges when using the halofit power spectrum. Even for the linear power spectrum it converges very slowly. We therefore introduce a cutoff of about
This corresponds to a wavelength of about 0.1h −1 Mpc. This means that we neglect lensing power from structures smaller than the size of a large galaxy. The resulting correction ∆(z) is show in Fig. 1 . The correction to the mean distance is about 1% out to redshift z 5 and grows to become 3% at redshift z 1000. It is interesting to note that non-linearities, taken into account here via the halofit model for the matter power spectrum, increase the result by about a factor of 2. Even though non-linearities become irrelevant at z > 5, since ∆(z) is an integrated quantity from redshift 0 out to redshift z, nonlinearities are relevant for this correction at all redshifts. However, while the difference between the linear and the non-linear corrections at z = 2 is about a factor 4 it has reduced to a factor 2 at redshift z = 1000.
Results
The correction ∆(z) in the angular diameter distance can be used to calculate the modification to the consistency relation (1.5). In a flat Friedmann Universe, the fractional change ∆ induces an 'apparent' curvature parameter, ∆Ω k . To lowest order in ∆ we have
This is shown in Fig. 2 .
This ∆Ω k induced by structure grows until redshift z = z max ∼ 5 (z max ∼ 30 in the linear analysis) while at z z max it settles nearly to a constant value in the halofit model (slowly decays within linear perturbation theory). The peak height of the non-linear analysis is about 2% which is almost the double of the linear result. The very significant growth of ∆Ω k at redshifts 0.2 ≤ z ≤ 5 comes from the steep growth of ∆ leading to a much larger value of ∆ in halofit than within linear perturbation theory. At higher redshifts where linear perturbation theory is valid, the growth of ∆ becomes actually somewhat slower than the growth of D and the final result decreases slowly. Nevertheless the 'apparent curvature' inferred from non-linear structure at high redshift is about three times larger than the result from linear perturbation theory. Apart from curvature, one can in principle use distance data to infer the dark energy equation of state, let us denote it by w(z) = P de (z)/ρ de (z). In a perfect Friedman universe, we can express the function w(z) in terms of the distance D(z) and its first and second derivatives. Assuming that dark energy does not interact with ordinary matter but is separately conserved, dark energy 'conservation' implies
Since the true Ω k of the background universe is very small and compatible with zero, we neglect it in these considerations so that
After some algebra, we can express w(z) in terms of Ω m , H 0 as well as first and second derivatives of D(z) (similar expressions can be found in [1] ),
We want to study how this expression is affected by clustering. Replacing D(z) by D(z)(1 + ∆(z)) which is the distance measured in a clustering Universe, we find the behavior of w(z) shown in Fig. 3 . At small redshifts, z < 1, the deviation from w = −1 is small but always in the direction to make w < −1. At z → 2 the deviation becomes large and it even diverges at z ∼ 3. At this redshift (1 + z) 3 Ω m (H 0 [D(z)(1 + ∆(z))] ) 2 = 1 such that the denominator of (3.4) vanishes in the clustering Universe. At even higher redshifts, w(z) > 0 and tends to 0 from above. These very significant effects from clustering are in agreement with the very significant effects from neglecting a possible curvature which have been discussed in Ref. [1] .
Of course in practice, it is not possible to take a second derivative from numerical data. One will have to use fitting functions for D(z) and study how the inferred w(z) depends on the fitting parameters. But if successful, determining the effects of clustering on w(z) might be a promising tool to study, e.g., the onset of non-linear clustering.
Conclusions
In this paper we have studied the effect of clustering in the cosmological standard model on the consistency relations for Ω k and w(z) introduced in Ref. [1, 2] . While the relation (1.5) holds roughly at the 1% level below z 1 in the clustered universe, we expect it to deviate by about 2% at redshift z 5. As present Planck limits on spatial curvature are already significantly better than these values [11] , we conclude that the consistency test is not very useful to measure spatial curvature. Nevertheless, it remains an important consistency test as a diagnostic for systematic errors in measurements of cosmological distances and of the Hubble parameter H(z) as they will be possible in the near future with Alcock-Paczynski type measurements e.g. of the BAOs (baryon acoustic oscillations) [16] [17] [18] [19] . Furthermore, at relatively low redshift, 0.2 < z < 2 the inferred value Ω k is very small and, when accounting for the correction from clustering, one may achieve an accuracy comparable to the Planck value from supernova data at intermediate redshift.
On the other hand, the deviation of this test due to clustering will be a good measure of the integrated matter power spectrum and of the variance of the integrated convergence, κ 2 (z). A deviation of this test by more then a few percent would be a strong indication of either systematic problems in distance or in H(z) measurements, or that our Universe cannot be described as Friedmann Universe with small fluctuations which only relatively recently have grown into non-linear structures.
Alternatively, measuring D(z) and Ω m , H 0 independently, one can use these to measure the dark energy equation of state, w(z) using Eq. (3.4). We have shown that this measurement is very strongly affected by clustering for redshifts z > 2, but can provide a useful constraint at relatively low redshifts, 0.2 < z < 1. The divergence at z ∼ 3 can be used as a very sensitive measure of the overall amplitude of clustering.
Of course D(z) as obtained from data is very noisy and it will not be possible to take second derivatives directly from the data. It will be necessary to first smooth the data or to model it with a fitting function. In Ref. [1] it has also been shown that the reconstructed equation of state, w(z) is very sensitive to our assumptions on curvature. A 1% error on curvature results in a 1% error on w(z) out to redshift z ∼ 2. At higher redshift, the required accuracy on curvature becomes more and more demanding. Similarly, as we show in Fig. 3 , at redshifts z > 2 the w(z) inferred from measured distances in the clustered Universe is very different from −1 even if the true dark energy is simply a cosmological constant.
